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Polarization squeezing is shown to occur in non-degenerate parametric amplification of coherent light and the
degree of squeezing at interaction time T can be as large as 1− e−2T . This gives 86.4% polarization squeezing
for T = 1 and 98.2% for T = 2. One simple case when this occurs is on taking initially plane polarized light
having equal amplitudes in the two modes that finally has equal intensities of two circular polarizations. This
suggest the experimental settings of parameters to achieve this extent of polarization squeezing in coherent light.
PACS numbers: Valid PACS appear here
INTRODUCTION
Polarization of light is a concept receiving attention since
very long and the mathematically convenient way of describ-
ing partial polarization was given classically with the help of
Stokes parameters [1, 2]. For a monochromatic unidirectional
light traveling along z-direction, Stokes parameters denoted
by S0 and S = S1, S2, S3 are defined as
S0,1 = 〈E∗xEx〉 ± 〈E∗yEy〉, S2 + iS3 = 2〈E∗xEy〉, (1)
where Ex,y are the components of analytic signal [3] for the
electric field. For perfectly polarized light
S20 = |S|2 = S21 + S22 + S23 . (2)
The point having coordinates (S1, S2, S3) lies on a sphere of
radius S0 called Poincare sphere. For unpolarized light, |S| =
0 and for partially polarized light, S0 > |S|.
Relevant continuous variables for the treatment of quantum
nature of polarization of the system are called quantum Stokes
operators [4]. Quantum Stokes operators and the associated
Poincare sphere describes the quantum nature of polarization
of light. In direct analogy with the classical Stokes parame-
ters, these Stokes operators Sˆ0 and Sˆ = Sˆ1,2,3 are defined in
terms of creation and annihilation operators as
Sˆ0,1 = aˆ
†
xaˆx ± aˆ†yaˆy, Sˆ2 + iSˆ3 = 2aˆ†xaˆy. (3)
These Stokes operators involve the coherence functions [5] of
order (1, 1) and shown to be insufficient to describe polariza-
tion completely as S = 0 does not represent only the unpo-
larized light [6]. These operators however, remain important
because of the non-classicalities like polarization squeezing
and polarization entanglement associated with polarization.
Commutation relations [aˆj , aˆ†k] = δjk of annihilation and
creation operators lead to the commutation relations
[Sˆ0, Sˆj ] = 0, [Sˆj , Sˆk] = 2i
∑
l
ǫjkl Sˆl, (4)
ǫjkl being Levi-Civita symbol for (j, k, l = 1, 2, or 3). The
quantum fluctuations of these Stokes operators are bounded
below by following uncertainty relations
VjVk > 〈Sˆl〉
2
, Vj ≡ 〈Sˆ2j 〉 − 〈Sˆj〉
2
. (5)
Squeezed radiation states in quantum optics are identified
by the property that their quantum fluctuations are reduced be-
low the standard quantum limit in one of the quadrature com-
ponents. Polarization squeezing [7] is defined using above
mentioned commutation relations and uncertainty products
for Stokes operators in a similar pattern. Polarization squeez-
ing is important in quantum information theory and it is desir-
able to devise methods for generation of states with apprecia-
ble amount of polarization squeezing.
In a study by Heersink et al. [8], polarization squeezing
has been investigated by taking both the polarization modes
of coherent light to be amplitude squeezed. Sˆ1 is found to
be polarization squeezed by −3.4 dB as per the definition of
polarization squeezing given in the same paper and it was also
experimentally investigated.
In this paper, we investigate the polarization squeezing us-
ing the most general criterion, in the coherent light subjected
to non-degenerate parametric amplification which is never re-
ported before as a closed form result. Parametric amplification
is used to generate high polarization squeezing which is more
than earlier reported cases for considerably small times of in-
teraction.The experimental feasibility of the technique with
suitable fixing of parameters is discussed in section IV.
Coinciding with the above reported paper by Heersink
et.al., this study reveals the polarization squeezing only along
Sˆ1 component of Stokes vector. We quantify the polariza-
tion squeezing by defining Squeezing factor and Degree of
squeezing. Minimum value of squeezing factor exhibits the
maximum squeezing as a function of interaction time.
2CRITERION FOR POLARIZATION SQUEEZING
Polarization squeezing was first defined by Chirkin et al.
[9] in terms of variances of stokes operators for a given state
as
Vj < Vj(coh) = Sˆ0, (6)
,i.e., Sˆj is squeezed if the variance of Stokes parameter is less
than that for an equally intense coherent state.
Heersink et al. defined polarization squeezing in their ear-
lier mentioned paper using the uncertainty relations (5) in the
form
Vj <| 〈Sˆl〉 |< Vk for j 6= k 6= l, (7)
for squeezing of Sˆj .
Luis and Korolkova [10] then considered various criteria
for polarization squeezing and their stringency was compared.
They give the following criterion for polarization squeezing of
a component of Sˆ along a unit vector n as
Vn <| 〈Sˆn⊥〉 |, (8)
where Sˆn⊥ is component of Sˆ along unit vector n⊥ which is
perpendicular to n. For suitable orthogonal components Sˆn
and Sˆn⊥ , they have discussed the order of stringency of the
various criteria
Vn < 〈Sn⊥〉2/〈Sˆ0〉 <| 〈Sn⊥〉 |< 〈Sˆ0〉. (9)
The authors [11] finally write the criterion for polarization
squeezing in the form
Vn ≡ 〈∆S2n〉 < | 〈Sn⊥〉 |max (10)
=
√
| 〈Sˆ〉 |2 − 〈Sn〉2
arguing that for a given component Sˆn there are infinite direc-
tions n⊥ and therefore it is required to consider the maximum
possible value of | 〈Sˆn⊥〉 |. Eqs. (6) - (8) and (11) describes
non-classicality but the uncertainty relations are considered
only in (7), (8) and (11).
We shall use the criterion (11) for polarization squeezing
which is most general and based on the actual uncertainty re-
lations. We may define squeezing factor Sn and degree of
squeezing Dn by writing
Sn = Vn√
| 〈Sˆ〉 |2 − 〈Sn〉2
, Dn = 1− Sn. (11)
Non-classicalities appear when 1 > Sn > 0 and the degree
of squeezing Dn lies between 0 and 1.
HAMILTONIAN AND POLARIZATION SQUEEZING
The hamiltonian [12] for non-degenerate parametric ampli-
fication of light traveling along z-direction is given by
H = k
(
aˆ†xaˆ
†
y + aˆxaˆy
)
, (12)
k being coupling constant and aˆx,y are annihilation operators
for the two linear polarizationsx and y. Solution to this hamil-
tonian [12] is given by
aˆx(t) = (cosh kt)aˆx − i(sinh kt)aˆ†y, (13)
aˆy(t) = (cosh kt)aˆy − i(sinh kt)aˆ†x.
If we consider the incident light in the coherent state |α, β〉,
where α = A cos θeiφx , β = A sin θeiφy , straight forward
calculations give the expectation values and variances of
Stokes parameters at the interaction time T ≡ kt as
〈Sˆ1(T )〉 = A2 cos 2θ,
〈Sˆ2(T )〉 = A2[cosh 2kt sin2 θ cos(φx − φy)
− sinh 2kt(cos2 θ sin 2φx + sin2 θ sin 2φy)],
〈Sˆ3(T )〉 = A2[− cosh2kt sin2 θ sin(φx − φy)
− sinh 2kt(cos2 θ cos 2φx − sin2 θ cos 2φy)],
(14)
and
V1(T ) = A
2,
V2(T ) = V3(T )
= A2 cosh2 2kt+ sinh2 2kt(A2 + 1)
−A2 sinh 4kt(c2 + s2) sin 2θ sin(φx + φy),
(15)
where c = coshkt, s = sinh kt.
As per the criterion given by Eq. (11), a glance at expres-
sions for V1 and 〈Sˆ2,3〉 gives an idea that component Sˆ1 can
be squeezed. The squeezing factor in this case takes the form
S1 = A
2
A2
√
R
,
where
R =
√
〈Sˆ2〉2 + 〈Sˆ3〉2
A2
= cosh2 2kt sin2 2θ + sinh2 2kt(sin4 θ + cos4 θ)
−2 sinh2 2kt sin2 θ cos2 θ cos 2(φx + φy)
− sinh 4kt sin 2θ sin(φx + φy).
In order to achieve maximum squeezing we need to minimize
the squeezing factor S1 and thus maximize R. A slight ma-
nipulation lets R be written as
R = [cosh 2T − sinh 2T sin 2θ sin(φx + φy)]2 − cos2 2θ.
(16)
3This gives maximum value of R and hence minimum value
of squeezing factor S1 denoted by S1min, for θ = π/4 and
(φx + φy) = 3π/2 in their admissible range of values. It
leads to,
S1min = e−2T . (17)
FIG. 1. Region of squeezing for φx + φy with kt. Squeezing occurs
outside the region between the curves
.
RESULT AND DISCUSSION
The maximum degree of polarization squeezing is
D1max = 1− e−2T for θ = π/4 and (φx+φy) = 3π/2. This
gives a very large amount of polarization squeezing at moder-
ate interaction times T . For T = 1, we get D1 = 0.864, i.e.,
86.4% polarization squeezing and for T = 2,D1 = 0.982,
i.e., 98.2% polarization squeezing is obtained.
To adjust θ = π/4 in experiments is easy as this requires
only the equal intensities of x and y components, i.e., |α| =
|β|. On this condition being followed alone, polarization
squeezing is seen for
√
R = [cosh 2kt − sinh 2kt sin(φx +
φy)] > 1 or sinh(φx + φy) < tanh kt.
We plot (φx + φy) against kt [Figure 1] and it shows that
polarization squeezing occurs for all values (φx + φy) ex-
cept those between φ1 = sin−1(tanh kt) and φ2 = π −
sin−1(tanh kt), which is very narrow for appreciable values
of interaction time. For θ = π/4, 〈Sˆ2(T )〉 and 〈Sˆ3(T )〉 take
the form,
〈Sˆ2(T )〉 = A2 sinh 2kt cos(φx − φy),
〈Sˆ3(T )〉 = −A2 sin(φx − φy)e−2kt.
If we choose φx = φy , Sˆ2(T ) will have maximum value and
Sˆ3(T ) will vanish. An experimentalist may therefore take
plane polarized light along the direction dividing x and y di-
rections ensuring φx = φy and thus θ = π/4 and then vary
the input phase φx = φy so as to make
1. Sˆ2(t) = I+ − I−, where I+ and I− are intensities of
plane polarized components along directions midway
between x and y directions.
2. Sˆ3(t) = IR − IL = 0, where IR and IL are intensi-
ties of right handed and left handed circularly polarized
components.
This will make (φx + φy) = 3π/2 and the output will show
maximum polarization squeezing.
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